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RELATIONS BETWEEN H. AND L
IN A PRODUCT SPACE

JAN-OLOV STROMBERG AND RICHARD L. WHEEDEN

ABSTRACT. Relations between Lf, and HY are studied for the product space
R! xR! inthecase 1 <p < oo and u(xy,x3) = |Q1(x1)|P|Qa(x2)Pw(xy, X3) ,
where Q; and Q, are polynomials and w satisfies the 4, condition for
rectangles. A description of the distributions in H? is given. Questions about
boundary values and about the existence of dense subsets of smooth functions
satisfying appropriate moment conditions are also considered.

1. INTRODUCTION

In this paper we study in a product space setting the problem of identifying
a weighted Hardy space Hf with the corresponding weighted Lebesgue space

Lﬁ , 1 < p <oo. We restrict our attention to the special product R' xR' and
consider weight functions u of the form

u(-xl axz) = IQl(xl)lple(xz)lpw(xl axz) ’ X1,X%, € Rl s

where O, and @, are polynomials in x, and x,, respectively, and w satisfies
the Ap condition for rectangles, i.e., w > 0 and there is a finite constant ¢
such that

1 1 ~1/(p-1) p-l
m//Rw(‘xl’xz)d'xl dxz W//};w(xlaxz) dxl dx2 <c

for all rectangles R with sides parallel to the coordinate axes.

Our main results are that, for such u, H,f and Lﬁ can be identified with
equivalence of norms provided all the roots of @, and @, are real, while if
there are complex roots, Hf can be identified with a subspace of Lﬁ consisting
of functions for which certain moments vanish. Similar results in the non-
product case are given in [7 and 1]. These have had applications to fractional
integrals and Sobolev embedding theorems [2], as well as to Fourier transform
norm inequalities [5, 8]. Weights u of the form above are also of interest
since they do not satisfy the A, condition for rectangles; in fact, TRRAIE
generally not locally integrable in either variable.
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By L, we mean the space

1/p
= {f: 10, = (/ . |f (), x,) P u(x, ,xz)dxla’x2> < oo} .

We shall often write [ for [fg,.
To define Hf ,let =% (R2 ) denote the Schwartz class of rapidly de-

creasing functions on R?, and let .%’ =.%'(R?) be the dual class of tempered
distributions. For / € %' and ¢ € &, let N(I) = Nw(l) denote the (product)
nontangential maximal function defined by

N(l)(xpxz): sup |<l’¢!|,12(£1 _"62_°))|’
(Cr.1)€l(x1)
(&2,12)€T2(x2)

where for i = 1,2, I'/(x;) denotes the “cone” in Ri of points (¢,,¢;) with
& =Xl < vt 7> 0, 9, (x1,%) = 16 0(x,/t;,x,/t,), and (I, )
denotes the action of / on y . Then, by definition, H” is the collection of all

[ € %" suchthat N(]) e L? for some y,,7, >0 and some ¢ with [[¢ #0.
All the weights u which we will consider belong to the class Ay = U, 4, .
The condition that / € Hf is then independent of the particular cheice of 7, ,7,
and ¢ ; in fact, as we shall see in Lemma (2.6), this is true if » miérely satisfies
the doubling condition in each variable uniformly in the other variable. We
then set

1l e = INCDI
for some particular choice of y,,7, >0 and some ¢ € % with [f¢ #0.
To describe how H and L’ are related, we consider a polynomial Q(x),
x € R', normalized so that

n
u
= H(X - ak) * s
k=1

where {a,} are the distinct roots of Q, u, is the multiplicity of a, , and Q
has degree N = ) u, . Assuming that all the roots are real, we consider the
partial fraction decomposition of 1/Q given by

o DM I

klll(‘x ak

With this decomposition, we associate the distribution

Pl

k=1 I=1

where 5;’ ) denotes the j th derivative of the delta function at a. (See [7].) If
F(x,y) is a function of two variables, QYQF (x,y) will denote the action of

29 on F as a function of y; the result is a function of x.
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It is easy to check that

2° <x+y> - ﬁ ie, 0Qx22 (ﬁ-y) ~1.

If p(x) e~ (R') , let .97’¢Q(x) be the interpolating polynomial defined by
Q. .\ _ o (o) 1
‘@V’ (X) = Q(X)gy (m) . xXeER .

(See [7].) The degree of g’f is N — 1, and the derivatives of ¢ and 9?’;2
up to order u, — 1 at g, are the same for k=1,...,n. One of the main
results of [7] is that if 1 < p < oo and u(x) = |Q(x)’w(x) with w € Ap(Rl) ,
then H: = Lﬁ ; in fact, there is a unique correspondence between distributions
I € H? and functions f € L? given by

(0= [ folo0 - 22Ndx, 9 PR,

and [/l ~ /15 -
Now let Q,(x,) and Q,(x,) by polynomials of degree N, and N, all of

whose roots are real. If ¢(x,,x,) €. (R2) , let
(L) 22%(x,,x))

_ Q1 2 ¢(y|’x2)+¢(xl,y2) (ylayz)
o R e R
To see how this function arises naturally in the product space setting, suppose
that ¢ is the product of one-dimensional functions: ¢(x,,x,) = ¢,(x,)®,(x,).
A simple computation then gives

(12)  o(x,,x,) = P2 % (x,,x,) = [9,(x)) = P2 (x))llp,(x) - P2 (x,)].

Although this formula holds only when ¢ is a product, the form of the right-
hand side together with the result mentioned above from [7] motivate the def-
inition of L@f' 2 for general ¢ . Note that 97’(‘?' 2 jsnota polynomial even
if ¢ is a product.

We can now state our main results. To simplify notation, it will be convenient
to adopt a few conventions. We write

x=(x,,x%,), z=(z,,2,), etc., x,,z,€R, i=1,2;
t=(t,,1), t,,4,>0;
(x,8) = (x,,8,;X,,L,) € Ri X Ri;
T(x) =T, (x,) x T,(x,) = {(€, 1) eR. x R>: (&, 1) € T,(x,), i = 1,2};
)= 1), [ fdx= [[ £ x) dxds;
0,(x) =1,y o(x, /x5y /) PLx) = P2 P (x,,x,);
1) =10, (x)Q,(x,)I" .
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We will prove the following results.

Theorem 1. Let 1 < p < 0o and u = |Qffw where Q,(x,) and Q,(x,) are
polynomials of degrees N, and N, , respectively, with all real roots, and w € A ,
for rectangles. Let

fix0) = [ 1Dlo,x - 2) - P2, (2)dz

where ¢ has the property that
9 J F:) J2
(b—x_l-> (6_)62) P(x,,X,)

is bounded for 0 < j, < N;, 0<j, < N,, and some M > 1. If

N(N)x)= sup [f(&,0)],
(€ 0ET)

then there is a constant c independent of f such that |N(f)|l» <cllfll,»-

I+M jr+M
(1 +]x )7+ |x, )

Theorem 2. Let 1 < p < oo and u = |Qfw where Q, and Q, are polynomials
with all real roots and w € A, for rectangles. Then H, and L} can be identified
in the following sense: there is a unique correspondence between distributions
l € H! and functions [ € L] given by

(o) = [ 1No(z) - FLNdz, e F®).

Moreover, in this correspondence, ||, and ||f||,, are equivalent in the sense
that c|f]| < Mg < ol Jor positive constants ¢, and c, which are
independent of f and I.

In defining 9’¢Q and stating Theorems 1 and 2, we have assumed tacitly that
the degrees of both Q, and Q, are positive, i.e., that neither Q, nor @, is
identically 1. If, e.g., O, =1 and Q, # 1, we simply set

p(x, ,y2)>
X X —e ).
PR3 = Q,(5) 2 (L7022
Similarly, if Q, =Q, =1, we set g’f =0.
Before stating a result which deals with the situation when Q,,Q, have

complex roots, we mention two facts which can be derived from the estimates
used to prove Theorem 1.

Theorem 3. Let p,u,p,f and f(x,t) be as in Theorem 1. Then for a.e. x,
&0 =5 [0

as (¢,t) — x nontangentially, ie., as (;,t,) — (x;,0) in such a way that
(éi,t,‘)er,‘(xi); i = 1,2

Theorem 4. Let 1 < p < 0o and u = |Q"w where Q, and Q, have only real
roots and w € A, for rectangles. Then the class of Schwartz functions whose




H? AND L! IN A PRODUCT SPACE 773

Fourier transforms have compact support not containing either axis is dense in
Lf". In particular, the class of Schwartz functions f satisfying

/ f(xl,xz)xf' dx, =/_ Flx,%,)x32 dx,
=//f(xl,x2)xf'xf2 dx,dx, =0

for k,,k,=0,1,2,... isdensein L.

For the case of complex roots, note that if ¢,(x,) is a polynomial which has
a total number d of complex roots, then

d
lg,(x,) ~ (1+1x,)71Q, (x,)]
where Q, is a polynomial with only real roots.

Theorem 5. Let 1 <p < oo, d, and d, be positive integers and
d d
w=(1+x )" (1 + |x,)**|Q1 w

where Q = Q,(x,)Q,(x,), Q, and Q, are polynomials with only real roots,
and w € A, for rectangles. Then H: can be identified with the subspace of Lﬁ
which consists of those f € Lﬁ satisfying

/_ Z £, %,)Q, (x,)x" dx, = /_ o:o £0x,2%,)Q, ()% dx, = 0

Jor ae x, and a.e x, respectively, and for k, =0,1,...,d, -1 and k, =
0,1,...,d,— 1. The identification is given by | = f, | € H., f € L"), where

.0) = [ 202 - F2Ndz, 9 F®),
and |1l ~ I/l -

In case, e.g., d, = 0, the result remains true for the space of functions f € Lz
with

[s.o}

F0x,%)0, ()X dx, =0,  k,=0,1,...,d,-1.

—o00

The proofs of Theorems 1-5 are given in §§4-8, respectively. In §2, we list as
lemmas a few facts which will be needed in the proofs. We also show why the
definition of Hf is independent of the cone apertures and of the convolution

function ¢. In §3, we derive the basic kernel estimates which are needed to
prove Theorem 1.

2. PRELIMINARIES

We shall use a few known facts about Ap weights. For example, it is a
familiar fact that w(x,,x,) € A, for rectangles (with sides parallel to the axes)
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if and only if w € Ap(R') in each variable uniformly in the other—i.e., iff for
a.e. x,; and every interval [a,b] C R',

1 b 1 b ~1/(p=1) !
b—-a/ w(x,,X,)dx, m/ w(x,,Xx,) d dx, <C

for a finite constant C which is independent of both x;, and [a,b], as well
as a similar statement with the roles of x, and x, interchanged. The least
constant C for which such an inequality holds is called the A , constant of w.

The following two lemmas are special cases of the one-dimensional Hardy’s
inequality derived in [3].

Lemma (2.1). If I<p<oo, v E Ap(Rl) and a is real, then

* dr d oo )
/—oo </|r-a|2|s_a| 'f(’”m) v(s)ds < c/_oo |/ (s)Pu(s) ds

with ¢ equal to a constant multiple independent of a,f and v of the A, con-
stant of v .

Lemma (2.2). If 1<p<oo, vE Ap(R') and a is real, then

oo 1 i e
/;oo (m |r—al|<|s—a| 7l dr) Vs c/—oo If(S)lpU(S) @

with ¢ equal to a constant multiple independent of a,f and v of the A, con-
stant of v.

In this form, Lemma (2.2) also follows immediately from [4].
We shall use the following known fact (see Lemma (5.4) of [7]) about distri-
butions on R'.

Lemma (2.3). Let | € ' (R") be a distribution with compact support such that
le Hpole forsome p, 1 < p < oo, where Q is a polynomial on R! of degree N
with all real roots, and w € Ap(R'). Then (l,xk) =0 fork=0,1,..., N—1.
In particular, if (I, ) = (I,22) forall p € F(R'), then | =0.

We say that u(x,,x,) has doubling order v, in the x,-variable (uniformly
in x,) if for any intervals I C J C R' and any Xy,

JN\"
/ u(x,,x,)dx, <c (H) /u(x1 ,X,) dx,
J 1

with ¢ independent of I,J and x,. A similar terminology applies to the other
variable.

The purpose of the next three lemmas is to show that the definition of (prod-
uct) Hf is independent of the cone apertures y,,7, and of the particular con-
volution function ¢, provided that u is doubling in each variable uniformly
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in the other variable. We shall use the notation
N, oD, x) = sup  |(Uxp, )E58)

’ [&1=xi|<nity
[&2—x2|<72t2
Lemma (2.4). Let u(x,,x,) satisfy the doubling condition in each variable uni-
formly in the other, and let v, and v, be the doubling orders of u in the x,
and x, variables, respectively. Then for k ,k,=0,1,2,... and 0<p < oo,

(kyv1+kavy)
s¢ e 1, M1 )"LL’

”Nzklyl ,2k2 9, ,¢(1)”Lﬂ
with ¢ independent of k| ,k,,y,,7,,l and ¢.
Proof. For fixed a > 0, let
E={x: Ny, 3, ,(D(x)>a},
F={x: Ny, ,, ,()(x)>a},
G={x:N, , ,()(x)>a}.
We shall use the notation u(E) for [;udx. It is enough to show that u(E) <
c2¥"*k2(G) with ¢ independent of a,k ,k,,v,,7,,] and ¢. We shall do
this by showing that u(E) < ¢2°"*u(F) and u(F) < ¢2°'u(G) for such c.

If (x?,xg)eE , there is a rectangle
0 k 0 k
R= (lél _xll <2 lyltl) X (Iéz —le <2 2)’2t2) ER] X R2

such that |(/ * - )(é?,ég)| > o at some point (é?,ég) € R. By definition of
Nytiy, 39 ¢(l) it follows that Ny, .. ¢(l) > a on the entire rectangle
k 0
= (|x, —{,l <2yt x (|x, =& < 7ty) =8, xS,
i.e., § C F. Therefore, since x? € S|, we see that (x?,xz) €EF if x,€8,.
Note also that |S,| = 2'k’|R2| and consequently, for some ¢ > 0,

/ u(x,,x,)dx, > c2—k2"’/ u(x, ,x,)dx,

Sz R2

uniformly in x, by the doubling property of u. Moreover, S, C 2R, . Thus,

0 0 0
X, , X, u(x, ,x,)dx / u(x; ,x,)dx
/Zszr( 12 X)U(X) 5 X;) 2/ 2, (x1,x,)dx,
2/ xF(x?,xz)u(x?,xz)dxz// u(x?,xz)dx2
Sz 2R2
0 0 —kzllz
=/ u(x],xz)dxz// u(x, ,x,)dx,>c2 ",
Sz 2R2

If we let M,ﬁz) denote the one-dimensional Hardy-Littlewood maximal function
with respect to u in the second variable, i.e.,

M7 (8)(x,,%,) = sup / lg(x, . x,)lu(x, ,x,) dx, / / u(x,,x,) dx,,

9X2
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it follows since xg € 2R, that

0 0 —kzl/z

MP (1) (x), x3) > €2

Therefore, E C {(x,,%,): M (x)(x,,x,) > c27%2} and

u(E) < // o o u(xy,x,)dx,dx,
{x2: M (xF)(x1 x2)>c2 %22}

< cka/ Xp (X x)u(x, , x,) dx,dx,

= 2"y (F)

by weak-type (1,1) for the one-dimensional maximal function. This proves
the first of the desired inequalities. The argument showing that F C {(x,,x,) :
Mé”(;(c)(xl ,Xy) > ¢27%"1 | and consequently that u(F) < c2X"'u(G), is sim-
ilar. This proves the lemma.

Lemma (2.5). Let ¢,y € F(R%), [¢ # 0, and let A be a positive constant.
Then
Ny, (D)
—1 2
x-¢ x,—¢&
<c sup |(Ixo, (& ,8)) (1 +M) (1 +| 2 2|>
(& 1)ER? L 2
=12

with ¢ independent of | and x.

Proof. If we add the restriction ¢, = ¢, to both sides above, the resulting in-
equality follows from the known inequality (see, e.g., [6])

-2
x_
swp (U, )OI e sup (g, )@ (1+ EE)
(§.0): [§—x|<2t (&,1)ERY

x=(x,,x%,), £=(£,¢&,), since |x;, —&,| <t and |x, —¢,| <t clearly implies
that |x — | < 2¢t, and for all x,¢ and 4 >0,

(l +|_J_C_;—_C_|)~21 g (1.,.&1{.&)_1 (1+@)_1
< (1 +|i_;__é_|)_l.

The constant ¢ above is independent of / and x.
Next, for a > 0, if we apply this special case at the point (x,/a,x,) to the
dilated distribution / defined by

(L,,6) = <1$0(5)> 6. 7R,
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and note that (I, * 0, )(§,,¢,) = (I+6,, )(a&,,¢,), we easily obtain
sup (I *y,, )(&),5,)l

§1.82 0t
[&1—xi|<at

[§2—xa|<t

— -4 - -4
< cs:ipl(l * 9 (18] (1 + I’)‘Cl—&zj’l‘l) (1 + 2 t €2|> '

Since ¢ is independent of a, this is equivalent to the desired inequality.

Lemma (2.6). Let u(x,,x,) satisfy the doubling condition in each variable uni-

formly in the other. Let ¢,y eS”(RZ), Jo #0,andlet y ,y,,0,,0, > 0.
Then

IN, 4y Ol < €N, . Dl 0<p <o,
with ¢ independent of 1.
Proof. By Lemma (2.4), we may assume y, = 7, = a; = a, = 1. By Lemma
(2.5), for A>0,

o0
—kiA—k
N, »W(l)(x) <c E Ny, 2 ,¢(1)(x) gkl
kl )k2=0
Thus, by Lemma (2.4),

IV

oo
k k —(k1+k2)A
L1y Dl <e 3o 2lamthymryy ),

ky k=0
= C”Nl ) ,¢(1)"Lﬂ
provided we choose A sufficiently large. This completes the proof.

Lemma (2.7). If d, and d, are nonnegative integers, then

d dy
POy x)) = P22 (x,x) + Q,(x,)Q,(x,)
X Py _1(x)Gy,_ (X)) + Py _1(x))Gy (%))}
where Py . Py_, are polynomials of degrees d, —1, d,—1, respectively, and
G, -+ Gy, are functions satisfying

d.—l)

d,—
Gy )l S el +1x, ("7, 1[G, (5) S e(1+ 137,

The polynomials Py _y, Py, as well as the functions Gd.—n , Gd2-| may de-
pendon ¢, Q, and Q,. In case either d, or d, is 0, we interpret the corre-
sponding polynomial to be 0.

Proof. We shall use the following formula (see Lemma (2.7) of [7]) for polyno-
mials of a single variable x € R':

(2.8) 7 =22+ 2%)- 0.
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Consider first the case d, = 1, d, = 0. We shall assume that degQ, > 0.
By definition,

x1Q1,Q
'@¢I 1 2(x|,X2)

R

=@ [PX11) 00, X)) — e(y,9,)
—QX@QZ[XQ |Q1{ 1272 1°7%2 172 ]
202) (1)) (% 2 7))
Now applying (2.8) to the term in square brackets for the variable x, and the
function y(z) = (¢(x,,»,) + ¢(z,x,) — 9(z,y,))/(x, = y,) , we obtain

'@;IQI Q2 (xl ,xz)
- Q; Q (pxl,yz +¢y1a-x2) (ylayz)
0,7 |0, { Y05 7 |
gx.a, (X, ,yz) + (o(yl ,xz) e |
- < -7, ) 2 (x‘)]

= PO (x,,x%,) + 0, (x )Qz(x2>9‘229""2'
N <¢(X, V) e, x,) — ey, ,yz)) .
-,
In the last term on the right above we may drop the first of the three terms in

the numerator since
9X|Ql (M) = 0'
»i Xy =¥, ’
in fact, ¢(x,,y,)/(x, — y,) is independent of y, , while gyf'Q' is a linear
combination of derivatives with respect to y, of order at least one (since x,Q,
has degree at least 2). Moreover, for the remaining two terms we can write

Oy (91,%) =0V, 1)\ y(x,) —yw(y,)
29 2% ( L) 2)_% <———-—; — 2)

where y(z) = gyxl'Q'((o(yi ,z)). It is easy to see that (2.9) is a function of Xx,

alone, and that it is bounded in absolute value by a multiple of (1 + |)c2|)_l
Thus, we have shown that

(210) P09 (x;,x) = P2 (x, %)) + Q) (x)Q(X)H_ (%),

with [H_, ()] < c(1+|x,) ™"
This formula was derived in case degQ, > 0.
If degQ, =0, then @, =1 and

P10 (x,,x,) = Qy(x,) D2 T (

(xl :yz) + ¢(y| ,Xz) - (D(y] ,)"2))
[

X, =¥,
=Q,(x Z)QQZ (M) + Qz(xz)@ngn ((P(yl ,X;) + oy, ,yz)) .

Xy =V, -V
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The first term on the right equals .9"’;%;[ ’,)(xz) and the second term can be
treated as above.
Analogous results hold for g’f‘ 2@
For the general case, we argue by induction on d,,d,. Write
'@xf' Q ‘X;ZQz — ngl(Xf'qu),x:zQz
[/ [
dy—1 i dy di—1 d
= Gy T () H_ (x)  (by 2.10)
= P20+ 010y {(Py, 5(%)G gy (%) + Py (1)G (3}

+ (M) (R Q)H_ (x,)

d
by applying the induction assumption to ™

third term on the right as

T Q)G QNH_ () = Q0% T F, _ (xy)

-1 dy .
X% we may rewrite the

where P i
Fdz_l(xz) = xzzH_l(xz) = 0((1 + |X2D ’ )’
and then combine this term with the other terms above to complete the proof

of the lemma.

3. KERNEL ESTIMATES

In this section, we derive the kernel estimates on which our proofs are based.
As usual, we use the notation Q(x) = Q(x,,x,) = Q,(x,)@,(x,) where @, and
Q, are polynomials of degree N, and N, , respectively, with all real zeros. We
also write Di'l =9 /8x{' , etc.

Lemma (3.1). Let ¢(x) be a function on R* for which Di:Dizz @ is bounded for
Jji <N, and j, < N,, and let

c,= sup  |[D.D2o(x;,X,).
(x1 ,%2)ER?
J1<Ny,ja<N;
Then 10|
0 X
— < =
|¢(x) '@¢ (X)l —cc¢(l+|x||)(l+|x2|), X ('x]’xz)a

with ¢ independent of ¢ and x.

Proof. Let R be a positive number which is larger than the absolute value of
every root of Q, and every root of Q,. We consider four cases. In case both

|x,| > 2R and |x,| > 2R, write (x) — P2(x) as
Q(x)ngng {(o(xl ’xz) - ¢(y| ’xz) - ¢(xl ’y2) + (0(_)’1 ayz)}
N Y2 °

(6, =y = »,)
By simply applying Leibniz’s differentiation rule term-by-term, we see this is
bounded in absolute value by cc,|Q(x)|/1x,%,] .
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In case |x,| < 2R and |x,| > 2R, we write the expression in the form

0x)22 9% {[(¢(x1,xz) — 01, X))/ = Y] = [(9(x1,¥2) = 91, ¥2))/ (31 = yn)]}
Y1 =02 X3 — Vo
= o2
y {fol(D.n P)1 + 51061 = 31). X2 dsi = fy (D )01 + 5151 = y1), y2) dsy } .
X2 =N

Now performing the indicated differentiations in y, and y, and using the
fact that |x,| is large, we see this is bounded in absolute value by ce, |Q(x)|/1x,| .
Since |x,| is bounded, we obtain the desired estimate. The case when |x,| > 2R
and |x,| < 2R is similar.

Finally, in case both |x,| < 2R and |x,| < 2R, we write the expression as

QQ'.@Q’{/ / (D, D, o)y, +5,(x, yl),y2+sz(x2—y2))dslds2}.

By Leibniz’s rule, this is bounded in absolute value by ce, |Q(x)|, and the lemma
follows.

By using Lemma (3.1), we can show that if f € L” for u = |Q]"w with
w e Ap for rectangles, 1 < p < oo, and if / I is defined by

Up.0)= [ fNo(2) - F2Ndz, 9T ®),
then /. defines a tempered distribution. In fact, by Lemma (3.1),
o< [17le(z) - 72 dz
12(2)|
< cc dz.
< [k Ty 4
Thus, by Holder’s inequality, [{/,, ¢)| < cc, || /]l 1 where

~1/(p—1) /v
3.2 S = / w(z)/ -dz , 1/p+1/p =1.
(32 ( R (1+1z,)7 (1 +z,))° [+t

If we show that _# is finite, it will follow easily from the definition of ¢, that
l . is a tempered distribution. To accomplish this, we first claim that if R, 1 is
a square of edgelength 1 and R, .- denotes the rectangle with the same center
as R, whose x -edgelength is r ,i=1,2,then if w € 4 for rectangles we
have

(3.3) w(R
In fact, if w € A, then

s—1
_1_/ w _1_/ w—l/(s—n) <e,
r|r2 Rr. ry r|r2 er -’2

)Scrfr;w(Rl,l), rr > 1.

rn.,rn
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and so since R, | CR, ,

s—1
1 1 1 /(s—

__./ w —/ w e l)) <c.
nryJr, ., "ryJR,

Then, by Holder’s inequality,

s—1 -1
(L] w)(L) (/ w) <.
rlr2 er 2 rlr2 Ry,

which proves the claim.

Now let R,l " be centered at the origin, and write

o7 = /(1 1z, (1 +1z,) P w(z) YV dz

[o o]
~[ 4+ Y forgaer
Rtk k=17 201 ¢z <2k

oo 1
< w e gg Z 2P (k1+k2)/ w- Ve g5
Ry, ky ka=1 Ry gy

Since w € 4, for rectangles, we have w Ve ¢ A, _, for rectangles for
some ¢ > 0. Thus, by (3.3) applied to w7 with s =p' —e,

Ria K k=1

<c w PV g7 < o0,

Ry,
Lemma (3.4). Let {aii)} and {ay )} denote the roots of Q, and Q,, respectively,
and let E' denote the set of points of R* which are closer to @, aé’ ) than

to any other (aﬁk) ,aé’)). Given a function ¢ and a number M > 1, let

. oM
A, = sup  (L+|z, )" (1 412,y D) Dl o(z,, 2,)|.

.(z| ,zz)'GR2 2
NENLLREN,;

Then for z€(z,,z,) € E™,

Q
|¢1(x - Z) _g%(x_.)(z)l

1Q(2)| 1 1
A j j
<c o.M Q(x)] (le —aP|+ |z, - a¥| + t(1+|x, - le/tl)M>

1 1
X . . — + s
(|x2 —a)| +1|z,—a{| + |z, - a|  t,(1 +|x, - 22|/t2)M)
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X =(x;,X,), t=(¢,t,), t,,t, >0, with ¢ independent of x,z,t,p and M.
Proof. Note first that E" = E{ X E{ where
i . (1) : (k)
E = {21' |z, —a, l=rr}(1n|zl -a, I}
and
J . ) : ()
E; = {22. |z, —a; | = m[1n|z2 —-a, |} .

The lemma will be proved by using the following one-dimensional estimate (see
Lemma (3.3) of [7]): for a function ¢(z), z € R', and a polynomial Q(z),
zeR! , with all real roots,

0x-2) -2, 1= |22 {
L) M-

S0 [x—a[+1z-a

where a is the root of Q which is closest to z, and

p(x—-2z)-p(y-12z) H

(3.5) Z-y

rwmu—zﬂ, (>0,

P
n,= sup (1+|z)""|Dp(2)|.
z€R!
Jj<degQ

To see how the lemma follows from this estimate, let (z,z,) € E' , and
define for fixed x,,z, and ¢,,
W(Zl) = V/(z| ;x29221t2)

B Qz(ZZ)gygz { ! <Zl L’;—zz) ~ Y (21 ’ ﬁt__zﬁ> } .

Z =),

A computation gives

W,l(xl _Zl)_ '//,l(x| _yl)
21 =N '

9,(x—2) —«9”(3(,(_.)(2) = Ql(zl)‘gygul {

By applying (3.5) to the right-hand side, we obtain
(3.6) lp,(x—2) - P2 _(2)]

9i(x=*)

1,(2)) ",
s¢ ~ — 4w, (x, - 7))l
|Ql(x|)| |xl—a(1')|+|zl_a§l)| 0\l 1
where
Ji+ly N

n, = sup (L+1z])" DL w(z))l.
z€R
NEN,

Of course, n, depends on x,,z, and ¢, since y does.
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To estimate the right side of (3.6), first note from the definition of ¥ and

(3.5) that
|Q2(22)| A(z)) 1 ( X, — 22)
v(z +|—0\z, >
i )l |Q2(x2 | |X2—02)|+|22—a;)| L, ! L
l
A(z)) = sup (1+|z,)""' D2 0(z,, 2,).
ZzGR
J2<N,

Clearly, by definition of A¢,M, we have 7(z,) < A%M(l + |21|)_M , M>1,
uniformly in z, . In particular, by dilation and translation,
(3.7 lw, (x, = z))l

@I, 1 1 1
= “10,0e)] o1, (T4 Bma) [~ ol + 7, a0

+ |¢7,l ’,z(xl —-Z,X)— z2)|) .

To estimate n, , write (1 +|z,]) "“ (“)(z,)

L _ g )
e agap P )4 )
! 23927y, .

as

Z =0

By (3.5), this is bounded in absolute value by
(3.8)

z n(z 1 i+l | X, —Z
:gi(xi): (Ixz _ a;j)l(-i-ll)zz _agj)l + g(l + |Z1|)-"+ Di‘](o (Zl , 2 12 2) ) s
where ‘ . o
iz)) = swp (1+12,)™" (14 12" DL D p(z, 2)
J2<N,

Clearly, n (z )< A oM uniformly in z, by definition of 4 oM . Similarly, the
second term inside the square brackets in (3.8) is bounded by
1 1

A -
¢,Mt _ M
2 (1 + JXZ'_ZZZI)
Thus

1Q,(z,)] 1 L1 1
MIQy el | |x, — )| + |z, —al)] 1, (1 + lxzt—zzl)M
2

(3.9) n, < cAw‘

The lemma now follows by combining (3.7), (3.8) and (3.9), and by using in
(3.8) the fact that

0, (X1 =2, %, —2))|< 4 M1 l T l
1,02 ¢ L (1+ x,—z,) L (l+ X2— zzl)
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4. PROOF OF THEOREM 1
Let (£,8)=(¢,,t;¢,,5) €l(x)=T,(x))xT (xz) , and write

&0 = [ 1Np € - 2) - FCe_y(2Ndz
-3/,

where E'* is defined as in Lemma (3.4). We will consider each term of the

sum separately. Fix i and j and write agi) =a,, g’) = a, and EY =E

for simplicity. Thus, for the rest of the argument, z € E and the estimates of
Lemma (3.4) hold. With x,,¢,,¢, and x,,&,,¢, fixed, let

E —x & —x
0(zl,zz)=¢('t ‘+zl,2t 2+zz).
1 2

Note that |§, — x,|/¢, < 7, and [§, — x,|/t, < 7,, where », and y, are the
apertures of I',(x,) and " (xz). Moreover, note that

(/’t(é_z) ¢(§ ( ) ( Z) g(x ( )
Thus, by applying Lemma (3.4) to the right-hand side, we obtain

0,6~ 2) =P8y (2)l < ey 12D k(x, 2,0

oM1Q(x)|
where
K(x,z,t)= ! +l !
|x1 _a||+|Z| _all tl (1 + XII_ZI )
1
1 +l 1
|x, —a)| +1z, —a,| ¢

Note that in this estimate we have A4, ,, (which also depends on x,&,?) rather
than A%M. However, Ao,M < cA%M uniformly in x,&,¢ if (£,¢) eI'(x); in
fact,

Ji1+M J2+M
Ao,M= Zsluzp2 (1+|Z||)l (l+|22|)2
1SN 2SN,
iz, (1% Q=%
X Dlezz(o( - +z,, A +z,],

and since if |, — x,|/t;, <, i=1,2, we have
1 < 1+ ]z <
L+, ™ 1+|§‘—‘+z|

<1l+vy;,

it follows easily that AgyScA, y uniformly.
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In particular

@y s / £l € - 2) - P (2)ldz
<cdy oy oray S8, [ 120K, 2, 0dz.

To prove the theorem, we must show that the L| opw DOTM of the expression of
the left of (4.1) is bounded by a constant times the same norm of f. By (4.1),
it is enough to show that (with g = fQ) the LZ} norm of

(4.2) sup /|g(z)|K(x,z,t)dz
1 ,1;>0

is at most c||g||,, . For fixed x = (x|, Xx,), we divide the domain of integration
in (4.2) into the following four regions:

I: {(z,,2,): |z, —a,| > |x, — a,],|z, — a,| > |x, — a,]},
I: {(z,,2): |z, —a,| > |x; —a,],|z, — a,| < |x, — a,|},
II: {(z,,z,): |z, —a,| < |x; = a,|,]1z, — a,| > |x, — a,|},
IV: {(z,,2)): 1z, —q| < |x; — q,|,]|z, — a,| < |x, —a,|}.

For the part of (4.2) with integration extended over region I, we have the bound

1 1 1
sup //z —al>lx-ail 18(252,) + —
t,6>0 |z;—a;|>|x;—a;| Izl - all t[ (1 + M)M
1

1 1 1
+ —
|22 - a2[ t2 (l + x2t_22|)M
2

dz, dz,
</ (/ G2 el ) iz, - a
|zi—a1|>|x1~ay| |z2—az|>|x2—a;| 2 1 1

2 dz
+c/ M )g(zl,xz)—l _1 |
|z1—ai|>|x1—ai| z —q

1 dZ
+c/ M )g(xl ,zz)—_2 |
|z2—az|>|x2—aa] |z, —a,

dz dz,

+cM(1)M(2)g(x1 »%5)

where MY M® and MV M? are respectively the classical one-dimensional
Hardy-Littlewood maximal operator in the first variable, the same operator
in the second variable, and the iterated Hardy-Littlewood maximal operator.
To obtain the last inequality, we have chosen the constant M > 1 and used
the standard majorization of an approximation of the identity by the Hardy-
Littlewood maximal function. Each of the last four terms has Lfv norm
bounded by c| g|| I 1 < p < o0, by repeated use of Lemma (2.1), the princi-
pal result of [4] in the one-dimensional case, and the previously mentioned fact
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that since w € 4, for rectangles, w € 4 p(R') on almost every line parallel to
either axis uniformly in the other variable.

The arguments for the parts of (4.2) with the integration extended over re-
gions II, III and IV are similar. For II, the bound is

1 1 1
sup // lg(z,,2,)| x + -
11,0500 J|z1—a)|>|x —a| 102 |Zl _all L (1 4 =z )M
14

|z2—az|<|x;—a]

1 1 1
+ —
|x2 - azl L, (1 + th—zzl)M
2

1 dz
Sm—l / |g(21,22)|——l‘_ dz,
2 = Gl Jin—a<in-al [J12i-al>n-al lz) —ayl
2 dz
+c/ M )g(z] Xy )l
|zi—a|>|x1—ai| |Zl _all
1
|x2 'az| |z2—az|<|x2—ay|

Note that the third term is actually less than the fourth. At any rate, each of
the terms can again be treated by Hardy’s inequalities (2.1) and (2.2), and [3].
Region III is similar to II by symmetry. Finally, for IV, the bound is

dz dz,

+c M“)g(xl,22)d22+cM“)M(2)g(xl,xz).

n-a|<|xn—a|

1
X, = a,llx; = a,| /iz‘_”"<'x‘_“" 1821, 2l 7, 42,
1

(2)
+Cc—mm M7g(z ,x)dz
le _all lzi—ai|<|xi—ail e :

1
+o——— MVg(x,,z)dz, + MM P g(x,,x,).
1% = &)l Jiz1-apl<ia-al

Each of these is majorized by the last, and Theorem 1 follows.

5. PROOF OF THEOREM 2

Let Q, and Q, be polynomials on R' with all real roots, let O(x) =
Q,(x))0,(x,), x = (x,,x,), and u(x) = |Q(x)Pw(x) with w € A, for rect-
angles. We begin the proof of Theorem 2 by noting that Lﬁ is continuously
embedded in H”, 1 < p < co, in the sense that if f € L! and I, is defined
by

U0 = [ Slo0) - 2200Ndx, 9 e FR),

then /. is a tempered distribution in H’ and Wl < cllfNlzr - In fact, this is
a corollary of the discussion following Lemma (3.1) and of Theorem 1.
To prove the other half of Theorem 2, we will show that if / € Hf there

exists f € L such that [ =/, and ||f||,, < c||l|l,,,. For fixed v € % (R’
u f L HY
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with [y =1, let

I(xy,813%y,8,) = xyg )X, X,).
By hypothesis, sup; .o [1(x,8,5%;,5,)| € Lﬁ . Thus, taking s, =5, = 5, we see
that ||/(-,s;-,9) L7 is uniformly bounded in s > 0 by c||/|| - In particular,

there is a sequence s*) - 0 and a function fe Lf: such that /(- ,s(k) 3 ,s(k))
converges weakly in L? to f, and | f]| < il o - Let [, be the distribution
induced by f, i.e.,

0) = [ 10)o) - PLNdx, 9 e SR,
and let I“)(sl ,$,) be the distribution induced by /(x,,s,;Xx,,s,), i.€.,
(W (sy50),0) = [ 10605, 5)lp() — P2 dx.

As shown by the discussion following Lemma (3.1), ¢ — .95¢Q € Lﬁ_, /-1 (the
dual space of Lﬁ) . It then follows from the weak convergence mentioned above
that 1“)(s(k),s(k)) — lf as distributions.

Now define /¥(s,,s,) € &'(R?) by

(5.1) (l(z)(sl,s2 /1 (X,,8,:%,,8,)p(x)dx, 1) ey(Rz).

This is well-defined since /(x,,s,;x,,s,) is a locally bounded function of
(x,,x,) which is also in Lﬁ (see also (5.3)). By well-known facts about dis-

tributions, 1(2)(sl ,$,) — | as distributions when s, ,s, — 0. Hence, in order
to show that / =/ > and thus complete the proof, it is enough to show that

l“)(s, ,8y) = 1(2)(sl ,$,). For ¢ € 5’(R2) , we obtain by subtracting the two
formulas above that

(52 (P05~ 176,.50.0) = [106,53%,5)2200) dx.

Note that by definition

gaQ _ 9Q1 (03 (/7()’1 ,xz) + (/’(xl :yz) (o(y, :yz)
Rl e e N
(x)+ Py, (x2)+P(x1,x2),

le

where P, (x,) is a polynomial in x, of degree N, —1 whose coefficients are
bounded functions of x,, P, x (%) is a polynomial in x, of degree N, — 1
whose coefficients are bounded functions of x, , and P(x,,x,) is a polynomial
in x,,x, of degree (N, — 1)(N, —1). We claim that

(i) the resulting integrals in (5.2) converge absolutely;

(11) for 5,8, >0, I (x,,8,5%,,5,) has one dimensional x,-moments of order
<N,-1 equaltoOfor i=1,2.
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Once these claims are established, it will follow immediately from Fubini’s
theorem and (5.2) that 1(2)(sl »Sy) = i (s,,5,), as desired, and the proof of
Theorem 2 will be complete.

To prove claim (i), we will show that

Ni—1 Ny—1

(5.3) /ll(xl,sl;xz,sz)l(l+|x||) (1+ x5, dx < oo.

By Holder’s inequality, the integral in (5.3) is at most

1/p
(5.4) (/ (55555 ,5,)1 (14 1x, )™ (1 + 1, )) P w (x) dx)

l !
w(x)™ @D /p
X o = dx .
(T + e, )7 (1 + [x,])
The second factor is finite by the argument given after (3.2). To show that the

first factor is finite, given s,,s, > 0, let Qs, 5, be the complement of

()

( ) |x, — a(li)l <s,/4 forsome i, or
X[ X,)0
e |x, —a;’| <s,/4 forsome j;

ie., Qs. is the points not belonging to any of the strips of width %sl centered
around the lines x, = agi) , or to any of the strips of width %sz centered around
X, = aé’ ), where {ai') } and {aé’ )} are the zeros of Q, and Q,, respectively.

Let

»52

R, . (x;,x,) = {(z),2): |z, = x| <s;, i =1,2}.

If s, and s, are small, there is a constant ¢ > 0 such that for any (x,,x,),

|Rs| ’Sz(xl ,Xy) N Qs. ’Szl > c]RSl ‘Sz(xl , %) -

Also, since (x,,S$,;X,,s,) lies in the product cone at any point of R
we have

S ,Sz(xl ’xz) >

[1(x),8,3%y,8,)| < N(I)(z,,2,) if(z,2)) R [ (x,x,).
Moreover, for such (z,,z,),
L+x| S T+z|+|x, —z,| < 1 +]z,] +5,
<c(l+]z,)), i=1,2.
Hence,
1

N, N-
1(x, 55, 5%,,5,)|(1+1x, ) P (1+]x,)) <c

w(R; o (x),X,))

x// N()(z,,2,) (1 +z,])
Rsl s (X1 »XZ)an 52

Mpop 4 |22|)szw(zl ,z,)dz,dz,.
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It follows by integration that the pth power of the first factor in (5.4) is at most
ff NOEP )"+ 1) ()

w(x)
</v/1;:| 52 (z1,22) w(R31 Sz(xl ,Xz)) ) a

<c/ NP (1 +12,)M (1 + |2,) P w(z) dz,

-'I 92

since for (x,,x,) € R
and therefore

5 ’SZ(zl , Zz) , we have w(R s ’SZ(xl ,xz) ~ w(RsI ,Sz(zl s 22))

w(x)
dx =~ 1.
//1;: 52 (21,22) w(Rs| ,sz(xl ’x2))
Finally, if (z,,z,) €Q then

S1,82 °

(1+12,)M (1 +12,)™ < ¢, ,10,(z)F1Qy(2)I"
=c, |02,

and consequently the integral above is at most
e[ NOEIQOPVEEz <C, I,
‘l 2

In particular, (5.3) is true for s,,s, small. The argument for s,,s, >¢ >0 is
similar and simpler. This completes the proof of the first claim (i).

To prove the second claim (ii), let us first show that for fixed s,,s, > 0,
1(2)(sI ,$,) € H |Q|,,w (see (5.1) for the definition of @ )(31 ,$,)) . Since [ € H,
and

IQI"w

(2)
[ (sl ’SZ) * (0“ 2 = (l * Wn ,Sz) * %1 02 =1+ ('//SI 252 * q’h Jz) ’
it suffices to show that
sup Il * (ng 52 * ¢t| ,tz)(ﬁl ’62)| S CI‘(x] ’x2) ’

(&1 ,1)€ (xy)
(&2 ,12)€T(x2)

with ¢ independent of (s, ,s,), where /" denotes the “grand” maximal function
defined by .
Forpxm)=  sip 06, )@,
oes/
& being the collection of Schwartz functions 6 for which a sufficiently large
number of Schwartz seminorms are bounded by a fixed constant 4.
We will show that

WS| 52 * ¢t| R = 0u| U2 ui = max{si’ti} ’ i=1 ’2’

where 6 € & (although 6 may depend on ¢,,s;). This will suffice since
(y, ,1;) € T';(x;) implies that (y;,u;) € I',(x;) . By checking Fourier transforms,
it is easy to see that

* = * =
WSI ,52 ¢1| NeS (Wsl [uy ,s2/uz ¢'|/“| ,12/142)“1 U2 eun uz?
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where
0=y/3|52*(p;h;2, S5, =s,/u;, t,=t]u, i=1,2.
Note that max{5,,7,} =1 for i =1,2. Thus, letting |||- |||, denote the mth

Schwartz norm, i.e,
o\ [ 9\
(a—xl) (55) R

|||a//3l 2 X0 ’12|||m <A when max{s,,t;} =1, i=1,2,

N6Ill,, = sup (14 |x,)™(1+|x,))"
(X1 ,x2
0<j,k<m

b

it is enough to show that

with 4 independent of s,,¢;.

Letting r, = min{s,,¢;,}, i = 1,2, we see that there are four cases:

() ry,=t;,<s;,=1 and r,=1,<s5,=1;

2y rp=t;,<s;,=1 and r,=5,<1,=1;

B)r=s5<t;,=1 and r,=1,<s5,=1;

(4) rp=5,<t;,=1 and r,=5,<t,=1.
Since (1) and (4) are similar and (2) and (3) are similar, we shall consider only
(1) and (2). In case (1),

e, )50 = [l =85 - 8o, 6.8 48 d,
and since [I[¥(- — &, - =&, < MW Il (1 + &)™ (1 + &)™ , we have

1050, lll L, [ RD7+ D10, (& &)l dE %,

Changing variables in the integral and using 0 < r,r, < 1 we obtain
[y * 9, ’r2|||m < c|llvlll,, with ¢ = ¢, m independent of r,,r,. In case 2,
write

('//1 2 * ¢"| 'l)(Xl :Xz) = / v, ,rz(xl _é| a§2)¢,l ,|(é| » Xy _éz)déldéz .
Thus,
1010 0l < [ 10, = & el 11 =8l e 01,

where ||| - |||,, g denotes the mth Schwartz seminorm of a function of one
variable. In particular, for any N, there is a constant ¢ independent of r, and
r, such that the last integral is bounded by

clitwlll el

m 1 &0\ Y m 1 NN
X/[(Hléll) g(1+—,j—) )[(1+|¢3l) Z(”T:> ]dcldé,z

< cllyllllllell,

by changing variables, using 0 < r,,r, < 1 and choosing N > m + 2. This

(2) P
shows that /(s ,s,) € H 50

for each s,,s, > 0.
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It follows that the one-dimensional distribution defined by
(55 U= [lnsixs)e)dx,  peS®),

belongs to I-Il”Q pw(- (Rl) for each s,,s, > 0 and a.e. x,, as we now show.
Pick ¢ ey(R ) w1th 9 >0 andlet 9(x,,x,) = ¢(x,)9(x,) . Then Ee&’(Rz)
and since 1(2)(5l ,$,) € Hlpolﬂw , we have Na(l(z)(sl »$,)) € LIQIPw , 1.e.,

sup sup
(&1,11)€T 1 (x1) (§2,12)ET2(x2)

X / (/ l(z,,s N (e zl)a'zl)(otz(é2 - zz)dzz)
ell

2
2i0ipw(R)-
However, this double supremum exceeds a positive constant times

/l(z1 , S, ;xz,sz)yftl({1 -z)dz|.

sup
(&1 ,t)€N (x1)

Thus, by Fubini’s theorem, the last expression belongs to Lle IPw(°,x2)(R1) for
a.e. x,, as desired. A similar fact holds for the other variable.

We can now complete the proof of the second claim (ii) made earlier. By
above, the distribution /, defined in (5.5) belongs to H|”Q e xz)(Rl) for a.e.
X, . Also, since I(-,s,;X,,5,) € LlQlle( x2) (R') for a.e. x,, we have from the
one-dimensional theory in [7] that the dlstnbution defined by

(o0} = [ 105,555, 3)l000) - PR ()Ndx, 9 e SR,
belongs to Hy, I,,w(,,)q)(R'), and therefore, so does /, —/,. Since

=1 0) = [ 1035,,5,3%,,5) P2 (x,) dx,
we see that /, — [, has compact support, and it follows from Lemma (2.3) that
[, -1, = 0. Now choosing ¢, € Z(R") such that 37’;3' (x,) = xf for each
k=0,...,N, -1 (eg,let 9, (x)) = xfp(xl) where p € #(R') and p =1
on a set containing all the roots of Q,(x,)), we obtain
/I(xl,sl;xZ,sz)xfdxl=0, k=0,1,...,N, -1,

fora.e. x,, as desired. A similar fact holds for the variable x, . This completes
the proof of claim (ii), and so also of Theorem 2.

6. PROOF OF THEOREM 3
Let f and ¢ satisfy the hypothesis of Theorem 3, and let

fE1) = / 1(2)p & - 2) - P2, (2)dz,
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¢=(,,¢,), t=(t,t,)). Suppose first that ¢ has compact support. Note that
if z=(z,,z,) then

P2 (2)=0,(2)0)(2,)22 22

% ¢11 ,;2(61 —yl 152 - 22) - ¢;, ,;2(51 - Zl ,éz _yz) - Q’;] ),2(51 —,Vl aéz _yz)
(Zl _y|)(zz_y2) ’

If x = (x,x,) does not lie on any line x, = a, or x, = a,, where g
and a, denote roots of Q, and Q, respectively, then £, — a,|/t;, — oo as
(;»t) — x;,i = 1,2, for each root a,. Therefore, since ¢ has compact
support, we see that @¢?(§_,)(z) =0 for ({;,1,) close to x;, i =1,2, for such
x (in fact, each of the three terms of & is zero), and consequently,

fE. 1) = / f(2)0 & - 2)dz

for such x and (&, ). This expression converges nontangentially in the product
sense to f(x) [ ¢ a.e. by standard facts about “strong” differentiability since
3g > 1 so that f islocally in L? away from the lines X; = a;: in fact, away
from these lines |Q,| and |Q,| are bounded below away from zero, so that
f € L, there; thus, f is locally in L? there for some ¢ > 1 since w € 4,_,
for some ¢ > 0.

In case ¢ does not have compact support, let » > 0 and write

p(x) = p(rx)e(x) + (1 = p(rx))p(x) = §(x) + $(x),

where p is a smooth truncation with p(x) =1 for |x| < 1, p(x) =0 for |x| >
2,and p € C*. For fixed r,$ has compact support and the corresponding
extension f(Z,t) converges nontangentially to f(x) [ ¢ a.e. by the previous
case. Moreover, as r — 0 we see that [ ¢ — [¢ and that the constant 4; ./
defined in Lemma (3.4) tends to zero. Hence, to prove the theorem, it is enough
to show that for M > 1 and a.e. x, there is a finite number ¢ M such that
N(f)(x) <c, ra MA . However, from the proof of Theorem 1, N(fH(x) is
bounded by a sum of terms of the type in (4.1), one term for each pair a,,aq,
of roots. Note that A4 oM is a factor on the right in (4.1). Moreover, as shown

in the argument following (4.1), the remaining factor in (4.1) belongs to Lﬁ if
M > 1; in particular, this factor is finite a.e., and the proof is complete.

7. PROOF OF THEOREM 4

Let f€ L’ andlet f(x,?) be the extension formed by using a convolver ¢
with [ ¢ = 1. By the proof of Theorem 2 (see (ii) in §5), f(x,?) has one di-
mensional x,-moments of order < N,—1 equal to zero for i =1,2. Moreover,
fix,t) e L' asa function of x by (5.3). Also, by Theorem 3, f(x,t) converges
pointwise a.e. to f(x) as t — 0, and since sup, ,|f(x,?)| € Lﬁ by Theorem
1, we see from the dominated convergence theorem that f(x,?) — f(x) in L‘u7
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as ¢t — 0. Thus, we may assume from the start that f € Lﬁ NL' and that f
satisfies

/ f(x,,xz)xf‘dx1=/ f(x,,)cz)xfzafx2

/ f(x,,x,) x, x2 dxl dx,=0

for k, =0,1,...,N, and k,=0,1,...,N,.
Let us show that if ¢ = (¢,,¢,) and if either ¢, or ¢, — oo, then f(x,t)—0
in L?. By definition of N(f), we have

1/p
G0l < Jfermngen N udz
fflzl-v;”’:t’l udz de |z2—;;I::;
2—X2|<t
C
< Al =0
(fflzl_xll<tl udzleZ)
|za—x2|<t

as either ¢, or t, — oo since u satisfies the doubling condition in each vari-
able. This shows pointwise convergence; norm convergence follows from the
dominated convergence theorem since Sup, ..o [f(x,0)| < N(f)(x).

Now suppose in addition that the convolution function ¢ is a product
¢,(x,)9,(x,) of one-dimensional functions with ¢? (x;) compactly supported
and equal to 1 near x;, = 0. Let us write f(x,f) = F, . (x,,X,). Note that due
to the moment condmons on f,

F, o) = [[ 120,200, 400 - 2% - 2)dz,dz,,

and therefore, since f € L' ,
F,  (x,%,) = £(x,,%)0,(t,%,)6,(t,x,) .
Now, for ¢,,t, small and T,,T, large, let
G= Ffl W2 Ffl T FT] R7) + FT: Iy

Note that

G(Xl ’xz) = f(xl axz)[¢|(t1x|)¢2(t2x2) - ¢71(11X1)¢2(T2x2)

- @1(T|x1)¢2(t2x2) + ¢1(T1x|)¢2(T2x2)] .

Since ¢, = 1 near x; = 0 and ¢, has compact support, it follows that G
vanishes near both axes and that G has compact support. Also,

1G = fllp < IIF, . = fllz +IF, 1l
+ ”FT, o "Lﬂ + "FT, ,TzllLﬂ .

The first term on the right is small if ¢,,¢, are small. With ¢,,t, fixed, each
of the remaining three terms on the right is small if T,,T, are large. Thus, G
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has all the required properties except that G and its derivatives may not decay
at co. Note that Ge C®. Let € C;° and y(0,0) = 1. Define H, by

H =G*z“2y7(l,l) .
Then FI, has compact support and vanishes near the axes when ¢ is small.
Also, }AI, e C*, so that H, € % and, consequently, H, € 5. Finally, since
H,(x,,%,) = G(x, , X)) w(tx, ,1x,)
and y is bounded and y(tx,,tx,) — w(0,0) =1 as ¢t — 0, it follows that
H, — G in L?. This completes the proof of Theorem 4.
8. PROOF OF THEOREM 5
To prove the first half of Theorem 5, suppose that f € Lﬁ with u =

(1+ |xl|)d‘p(1 + |x2|)d2plQ|"w . Q= 0,(x,)Q,(x,) and w € 4, for rectangles.
Suppose also that f satisfies

(8.1) /_oo flx, ,xz)QI(xl)xf' dx, = /_ Sf(x, ,xz)Qz(xz)x;_(2 dx,=0

for a.e. x, and a.e. x|, respectively, and for k, =0,1,...,d, -1 and k, =
0,1,...,d,— 1. We wish to show that the distribution / defined by

.0)= [ fNo() - F2Ndz, 9 e T @),

satisfies / € Hy with |[/||; < c||fll -
Let us first show that the integrals in (8.1) are well-defined a.e. It is easy to
see that

82 [[ 1704 510, el 0ep)I(1 + D™ 1+ 1) vy, < o0

if f e L’ since by Holder’s inequality the integral is at most
u

w VP 1p'
Ml (// (1+|x, 1) (1 +|x2|)p a dx2> ’

which is finite by (3.2). It then follows from Fubini’s theorem that the integrals
in (8.1) converge absolutely a.e.
Since

(141, D1+ )™~ 1+ [y 102+ 3,27 + PP

the fact that f € L? implies that f also belongs to each of L" ,j=1,2,3.4,

where u, =10,0,/'w, u, = le'Ql|p|Q2|pw Uy = |Ql|"|x22Q2|”w and u, =

|X1'Q||p|x22Q2|pw Moreover,

1Al ~ Z 171 -

Jj=1
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From Theorem 2, f defines four distributions / D j=1,2,3,4 by

Uy.0) = [ flo-22 @1ax,
0) =/f[¢—9’;‘7lg' ©)dx,
Uy.0) = [ flp - 22 ®ax,
o0 = [ flo - 250 O,

and ||/, ||H,, <c||f||L,, for each ;. In particular, ||/; ||H,, <c||f[|L,, for each j.

We claim that l, =1, =1;=1,. Taking this momentanly for granted and calling
the common value l it follows that / € H? and ||/||;p ~ X |l < cllfllgos
u llj U

as desired.

To verify the claim, we will show that /, =/, ; the proofs that /, = [, and
[, =, are similar. We have

<1| ,0) — (14,¢ = /f[,_@xflgl *XZZQZ _gle ,Qzldx
//fQ QP _1(x))Gy,_ (%) + Py _1(%))G, _ (%))} dx, dx,

by Lemma (2.7), where Pd.—l and sz_1 are polynomials of degrees d, — 1
and d, -1, and

Gy _ (el < e(1+ x4,

d.
|G,y ()] < (1 + |x, )™~ ‘.

The last integral converges absolutely by (8.2), and we may rewrite the integral
by using Fubini’s theorem as

/—Oo (/—oo Sx1%)Q, (xl)Pdn-l(xl)dxl) 0,(%,)Gy,_(x,) dx,
+/:> (/_O; J(x15%,)Q,(%,) P, _,(xz)dxz) 0,(x)G, _,(x,)dx, .

The inner integrals in both these terms vanish for a.e. x, and for a.e. X,
respectively, by (8.1), and the claim follows. This completes half of the proof
of Theorem 5.

To prove the other half let / be any element of H” . Then, with u ; defined
as above, / € ﬂ . By Theorem 2, there exist fj € Lﬁj for each j such
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that
o) = [ flo - 72 @1ax

d
=/6[¢_9;| leQZ]dx
2]
=/f3[¢_gvf""z %) 4x

d d:
= [ 1o - 70 e ax
and ||fj||,_, <cllllge <clll]ly for each j. Choosing ¢ to be supported away
“j llj u

from the lines corresponding to zeros of x,‘.i" Q,, i=1,2, we see that

'@fl .2 — ng;;,lQl Q02 =g¢Ql yXZZQZ — L@;flgl vXZZQz =0

[0t 50~ s

Therefore, f, = f, = f; = f, a.e. If we call this common value f, we see that

and that

4
1fllg < € 31 g, < el -
1

It remains to show that f satisfies the moment conditions (8.1). Pick
¢(x,,x,) to be a product of one-dimensional functions:

(O(XI )xz) = ¢1(X1)¢2(x2)'
In this case, by (1.2),
p - P2 =g (x) - P2 (x)lle, (%) - P2 (x,)],

! 2

d
and similar formulas hold for ¢ — 9";"(" ‘% etc. Thus, by subtracting the

first and second representations of (/,¢) above, and also the first and third
representations, we obtain both

J[ 160505 @ ) - P2 (o) - FE (el dx, dx, = 0

and
J[ 1650 x010,00) = 22 e i ) - F2 )N, dx, = 0.

Consider the first of these with ¢, (x,) = xf'Ql(xI)p(xl) for kK, =0,1,...,
d,—1 and p € C;° with p =1 near the zeros of xf' Q,(x,). Then, by Lemma
(2.5) of [7],

d d
‘@(:IIIQI ='@X| (on =x:lel and @q)Q]I =ngl _ 0

k
x 'O

X|IQI -
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Consequently,
J[ 160203k @ )lwa(oy) - 21 dx, dxy =0

Since ¢, is arbitrary and g’gz(xz) =0 if ¢, is supported away from the zeros
of Q,, it follows that

/_ f(x, ,xz)xf‘ Q,(x))dx; =0 ae.x,.

Similarly, -
/ fx, ,xz)xszz(xz) dx,=0 ae.x
—o00

if k,=0,1,...,d,— 1. This completes the proof of Theorem 5.
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